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  Relativistic kinematics is usually considered only as a manifestation of pseudo-Euclidean 
(Lorentzian) geometry of space-time. However, as it is explicitly stated in General Relativity, the 
geometry itself depends on dynamics - specifically, on the energy-momentum tensor. 
  We discuss a few examples, which illustrate the dynamical aspect of the length-contraction 
effect within the framework of Special Relativity.  
  We show some pitfalls associated with direct application of the length contraction formula in 
cases when an extended object is accelerated. Our analysis reveals intimate connections between 
length contraction and the dynamics of internal forces within the accelerated system.   
  The developed approach is used to analyze the correlation between two congruent disks - one 
stationary and one rotating (the Ehrenfest paradox). Specifically, we consider the transition of a 
disk from the state of rest to a spinning state under the applied forces. It reveals the underlying 
physical mechanism in the corresponding transition from Euclidean geometry of stationary disk 
to Lobachevsky’s (hyperbolic) geometry of the spinning disk in the process of its rotational 
boost.     
A conclusion is made that the rest mass of a spinning disk or ring of a fixed radius must contain 
an additional term representing the potential energy of non-Euclidean circumferential 
deformation of its material. Possible experimentally observable manifestations of Lobachevsky’s 
geometry of rotating systems are discussed.  
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Introduction 
 
   The dominating viewpoint inferred from studies of relativistic kinematic effects (length 
contraction and time dilation) is that these effects can be entirely understood as the manifestation 
of Lorentzian geometry of spacetime [1, 2]. This axiomatic approach, while being powerful and 
elegant in problems involving uniform motion, is far less straightforward when the state of 
motion is changing. Study of transitions between different states of motion provides a deeper 
insight into the nature of the so-called kinematic effects. It shows that emphasizing spacetime 
geometry as the single basis for the adequate description of relativistic kinematic effects 
oversimplifies the actual physics. It would also be against the spirit of the General Relativity, 
according to which spacetime geometry is determined by both – the boundary conditions and the 
energy-momentum tensor [2-8]. 
  A close look at the relativistic kinematics shows that it also has dynamical underpinnings, and 
the “embryo” of the intimate connection between geometry and matter can be traced already in 
Special Relativity (SR). 
  The question about dynamical aspects of relativistic kinematics in SR was explicitly formulated 
at least as far back as 1975 [9]. The most straightforward way to see the dynamics in kinematic 
effects of SR is by considering accelerated motions1. The relativistic motion of an extended 
accelerated body has been extensively discussed (see, e.g., [11-16]), and the results were 
generalized to include time-independent distributed external forces and a time-dependent force 
applied at a single point. In [17] the motion of a “rigid” train under the time-dependent 
(instantaneous) forces applied along its length at more than one point has been considered, and 
physical mechanisms associated with Lorentz-contraction effect have been analyzed.  
  In the current paper we show that the used approximation of instant forces can be easily 
generalized to more realistic cases of finite forces acting during finite time intervals.   
  Apart from comparing the length measurements carried out by different inertial observers [11-
13, 17], we consider here two different accelerating mechanisms (friction against a rising shelf 
and jet propulsion), and study what actually happens to an object when its motion is rapidly 
changed. We show that the accelerating program preserving the proper length of an object as 
described in [18] is not the only one possible. We discuss the role of atomic interactions within 
the object in determining its final state after removal of the external forces.  
  In the second part we apply the same approach to study the dynamics of the processes 
accompanying a rotational boost of a disk about the symmetry axis perpendicular to its plane. As 
is well known, the spinning disk is in a state of a complex deformation and its spatial geometry is 
non-Euclidean [7], which explains Ehrenfest’s famous paradox. Our approach reveals the 
underlying physics in the transition from the Euclidian geometry of a stationary disk to the 
hyperbolic (Lobachevsky’s) geometry of rotating disk and shows its connection with the 
properties (non-single-valuedness) of global time in a rotating system.  
  The change of geometry is accompanied by the corresponding dynamical effect: in any 
rotational boost an additional energy must be spent on circumferential deformation of every 
annulus of the disk. Accordingly, the rest mass of the spinning disk acquires an additional term 
representing potential energy of this deformation. In the non-rotating rest frame this addition 
                                                          
1
 One can come across the statements that SR is not applicable to accelerated motions (see, e.g. [10]). Such 
statements reflect a widely spread misconception, which might have contributed to the over-simplistic view of 
kinematic effects in SR. 
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may be small with respect to the net increase of relativistic mass of all constituting particles of 
the disk. But in the co-rotating frame this will be (apart from usual potential energy of radial and 
accompanying “Euclidean” circumferential deformation) the only remaining additional term. 
This term may be essential in rapidly rotating relativistic objects like neutron stars.    
 
1. The dynamics of length contraction 
    Suppose that a horizontal rod of proper length L0 passes through a barn of length l0 < L0 [1]. 
The speed V of the rod is such that its Lorentz-factor 
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in the rest frame of the barn. Then at a certain moment the rod will just fit into the barn.  
   Suppose that right at this moment we try to stop the rod. It turns out that the outcome critically 
depends on stopping procedure and structure of the rod.  
    Below we will analyze three different acceleration programs (a), (b), and (c) as recorded by 
observers in two inertial reference frames: one associated with the barn (system A), and the other 
originally associated with the rod (system B). Accordingly, we introduce two observers: Alice in 
A, and Bob in B. We will first neglect the internal forces as compared with a huge braking force. 
Then, we will take them into account and discuss their role in the kinematic effect described by 
(1).     
         (a)  Braking simultaneously in A (stopping a moving rod). 
Suppose that the braking forces are dominating and are applied to all parts of the rod 
simultaneously in A. To insure such simultaneity, consider a very sticky horizontal shelf that has 
been moving upward (Fig. 1) and touches the rod precisely when it is right within the barn. 
Immediately, an equal friction force is applied to equal parts of the rod (we assume that produced 
heat quickly dissipates). A straightforward application of Eq. (1) might lead one to expect that 
the stopped rod would measure its L0 proper length in the reference frame of the barn, which 
means that its edges would now each stick by a distance  (L0 – l0)/2 out of the barn (Fig. 2).                  
   But this would, under given conditions, contradict the dynamics of motion. 
   According to conditions, all parts of the rod must accelerate (or decelerate) in synchrony in A, 
so that the length of the rod cannot change. This means that the stopped rod is physically 
compressed, that is, its proper length has decreased in the given process from L0 to l0 [17, 19]. 
The specific physical mechanism responsible for this compression is associated with relativity of 
simultaneity, according to which the same breaking forces are applied at different moments of 
time to different parts of the rod in its initial rest frame (frame B) [17].  
  In frame A, at the zero moment of Alice’s time (when the shelf touches the rod and stops it), 
she records the corresponding readings of Bob’s synchronized clocks at the edges of the rod (we 
chose units of time so that these readings are -1 and +1 units respectively). The rod’s length right 
after the stop is l0, not L0. Thus, our assumption of the rod slowing down simultaneously in all its 
parts in A is incompatible with the assumption of the rod retaining its proper length during the 
stop. The proper length does not generally conserve with change of motion.  
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   The case at hand provides a specific illustration. We observe here the dynamic change of 
proper length (actual physical deformation), which dominates over the effect of disappearance 
of length contraction due to the stop. Accordingly, while Alice sees no change in the length of 
the rod, there must be dramatic change observed by Bob. Special Relativity accounts for this 
change – it gives specific physical reason for deformation of the rod in Bob’s reference frame. 
We thus turn to system B, – to Bob’s account of the same process. 
    Bob sees the barn sliding to the left down the rod. While the edges of the rod coincide with the 
opposite sides of the barn simultaneously in A, these events happen at different moments in B. 
The right edge of the rod coincides with the back door of the barn at -1 u (“unit”) of Bob’s time. 
The left edge coincides with the front door at  +1 u. The time interval between the events is 2 u. 
Applying the Lorentz transformation for time coordinates of the two events, taking into account 
that these events happen both at t = 0 in system A, and using (1), we can express this time 
interval in terms of the (initial!) proper length of the rod: 
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Accordingly, the length of the barn as observed in B, must be smaller than the length of the rod: 
Bob observes the moving barn contracted down to  l =  l0/γ  = L0 /γ 2 .  
     In addition, the rising sticky shelf, which remains horizontal in A, is tilted in B (Fig.3). The 
events at the edges of the shelf observed simultaneously in B, are not simultaneous in A – the one 
at the rear edge is later (when the shelf in A is accordingly higher) than one at the front. 
Therefore Bob sees the rear edge of the shelf being by a certain amount y ′∆  higher than its front 
edge. For a rising surface which remains horizontal in A, its tilt angle α in B is given by [1, 17]:  
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where v⊥ is the shelf’s velocity in A, and / ( )v v Vγ⊥ ⊥′ =  is the “time-dilated” vertical component 
of its velocity in B.   
  At –1 u of Bob’s time, the upper end of the shelf touches the right edge of the rod, sticks to it 
and drags it to the left (Fig. 3a). This compresses the rod! As the rest of the shelf continues to 
rise, the region of compression forms and rapidly expands to the left along the rod due to joining 
of new originally relaxed rod’s material (Fig. 3b). The front of the expanding region can be 
considered as the running separation point between the two parts: the one to the left of the front – 
still intact, and the one to the right involved in motion together with the barn. The separation 
point runs down the rod faster than light. This is the kind of superluminal motion that does not 
contradict anything [17, 20-24]; it is just a moving boundary between two regions rather than a 
physical particle. Particles of the compressed part of the rod are moving (together with the 
corresponding part of the shelf) slower than light. The separation point outruns them because, as 
mentioned above, the new particles in front join this motion as they grip with the rising part of 
the shelf. Because the compressed parts of the rod move towards its opposite edge, the process 
ends up with the rod contracted to the size of the barn (Fig. 3c).  
    We emphasize that the compression wave here is not the shock wave. In a shock wave, the 
motion of a particle right behind the wave front is the cause, and the motion of the adjacent 
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particle right ahead will be the effect. In a compression wave described here, any particle of the 
rod changes its motion only due to the contact with the rising part of the shelf – before it knows 
anything about corresponding changes of an adjacent particle of the rod. The changes of state for 
two particles here are not in the “cause and effect” relation. If the compression were to produce a 
shock wave, the latter would also lag behind the separation point, since any shock wave is 
subliminal. Such a wave does not form here, because the sticky shelf freezes the corresponding 
type of motion. 
    During this process we can no longer consider the rod as one inertial reference frame. It 
belongs to two different frames: one to the left of the advancing front still belongs to system B, 
and the one to the right of the front belongs already with system A. The separation into two 
systems starts from the whole rod constituting one system B, and ends up with the whole rod 
constituting (together with the barn) system A. An important implication is that since during this 
transition the two parts of the rod move relative to each other, the rod cannot be characterized as 
having a certain proper length. At least not within its conventional definition as the length of a 
stationary object in its rest frame, because now two parts of the object have different rest frames. 
In this case the definition of proper length of the rod should be generalized as its length in a 
reference frame where the net momentum of the rod is zero. This reference frame does not 
coincide with either A or B but changes from one to another during the process. Physically this is 
due to the fact that the individual momentums of the two parts of the rod change with time as the 
separation point slides down the rod. As a result, this new reference frame (call it system C) 
turns out to be accelerating. This should come as no surprise once we consider the accelerated 
motion of the rod.  
   Since the motion of an accelerated object can be described in consecutive steps as motion in 
the co-moving inertial frames, each with a small speed relative to the previous one, and in each 
such frame the rod with the zero net momentum consists of the two moving parts whose 
respective lengths change from frame to frame, we can no longer expect the generalized proper 
length to remain constant. The generalized definition of proper length should provide us with the 
means to watch its change as a function of time. 
    Since the separation point between the two parts of the rod travels the distance L0 in time ∆t′ 
given by the equation (2), its speed in B is  
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One can also derive this equation by considering the motion of the intersection point between the 
rod and the tilted part of the shelf. The velocity of the tilted part has two components: V 
(horizontal) and v′⊥ (vertical). With the first component alone, the intersection point would slide 
down the rod with the speed V. With the vertical component alone, the intersection point would 
slide down the rod with the speed   v′⊥/tan α = γ -2 c2/V. The total speed of the intersection point 
is the sum of the two contributions1 and yields (4).  
   The described “shelf-induced” contraction stops when the rod shrinks down to the size of the 
barn. The contraction is caused by deformation of the material of the rod under the external 
force.   
   This conclusion may appear false to Alice. Indeed, all particles of the rod are stopped 
simultaneously in her barn. The distance between any two adjacent atoms along the rod did not 
                                                          
1
 This is the sum of two individual collinear velocities measured in one reference frame, not the velocity of one 
object measured in two different reference frames. 
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change in A. Therefore it seems that there cannot be any change in the inter-atomic interactions, 
and, with heat removed, the rod cannot deform or change in any other way. 
   The best answer to this would be to suggest Alice to take a closer look at her experiment. She 
would realize that, even with heat instantly removed, what had been a regular rod is now a streak 
of some exotic material with unusually high density, glued to the shelf across its surface.  
   We can understand this outcome by taking a closer look at hitherto neglected atomic 
interactions and their role in the process.  
    Although it is true that one could, in principle, keep the inter-atomic distances constant in A 
during the braking, it is not true that inter-atomic forces will remain constant in this process. In 
relativistic dynamics the interaction forces between two particles depend also on their velocity 
[7, 25]. If the latter changes, the interaction force can also change even with the distance fixed.  
   The proper distance between two neighboring atoms in a rod is about a0 = 10-10 m.  At this 
distance, each atom is in stable equilibrium (or vibrates around its equilibrium position). We can 
model such a state by a linear chain of equidistant particles connected by springs, as shown in 
Fig. 4a. In equilibrium, the springs are neither stretched, nor compressed.  
   An equilibrium state of a stationary system must be the same in any inertial reference frame. 
Therefore Alice and Bob must each observe such a state as a stationary chain of equidistant 
atoms separated by the same distance a0. Bob, initially, has a rod in such a state. Alice initially 
observes this state from her barn, and measures the inter-atomic distance along the rod to be only 
)(/0 Va γ  (Fig. 4b). This remains consistent with definition of equilibrium, since the rod is in 
uniform motion. However, if she manages to stop the rod without changing its length in A, she 
has after the stop a stationary object with decreased longitudinal inter-atomic distance )(/0 Va γ . 
This does not correspond to an equilibrium state of a stationary object. What Alice has now is a 
system far from equilibrium, with all its atoms destroyed and squeezed together. The springs 
representing the internal forces are compressed to 1/ γ(V) of their normal length (Fig. 4c). This 
corresponds to huge forces of repulsion between the atoms. In a model that represents atomic 
forces in a solid by springs obeying the Hooke’s law, sudden removal of the shelf (disappearance 
of external forces) would send the system into longitudinal vibrations around its natural proper 
size. We can visualize this as a mass on a very elastic spring that is initially severely compressed 
down to 1/ γ of its relaxed length and then released. The result will be oscillations around the 
equilibrium position a = a0. If the vibrations are damped, the system will ultimately relax to the 
equilibrium size a0, thus restoring its proper length.   
   Although springs only approximately model real internal forces, the conclusion that these 
forces act to some extent as the “keeper” of proper length, does not depend on the model. As is 
well known, the field of a moving point charge is flattened in the direction of motion [7, 25]. 
Because the point charge has no size, this flattening is an intrinsic property of the field as such, 
depending only on relative motion between the charge and an observer’s reference frame, rather 
than on the shape of the charge. It can be considered as the “length contraction” of the field (Fig. 
5). However, if the source of the field has a finite size, it has to possess the same property 
because the Maxwell’s equations are self-consistent (actual situation is more subtle because we 
have to consider the equilibrium conditions for a system of moving charges and accordingly take 
into account magnetic field as well [7, 25,26]). The same is true for all other forces (and 
quantum-mechanical probability distributions for all particles), since they all obey the relativistic 
equations, which are Lorentz-invariant. For a moving system, its particles and the equilibrium 
distances between them must be all Lorentz-contracted along the direction of motion [25-27]. 
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   When the rod stops, the field of each of its particles (as observed in A) restores the shape 
characteristic for the stationary state, and the corresponding inter-atomic distances necessary for 
the equilibrium must increase. If the particles themselves are not allowed to accordingly shift 
apart, their fields become strongly overlapped (Fig. 5c), which produces huge repulsive forces. If 
the external forces are suddenly removed, this repulsion may blow up the rod. If external forces 
stay, we will have the “post-stop” picture observed by Alice, - the rod not kinematically 
contracted but dynamically compressed. However, if external forces weaken sufficiently slowly, 
the internal forces can restore the initial proper length of the rod. In this respect, the internal 
fields act as a memory, keeping information about proper shape of an object.   
   We could summarize this part of the discussion in the following way. Before the stop, the rod, 
although length-contracted, was not deformed, because the inter-atomic distances had matched 
the shape of the internal field produced by moving atoms. After the stop, even though the length 
of the rod did not technically change in A, the rod is deformed because the atomic distances no 
longer match the equilibrium shape of the stationary internal field. The rod was not allowed to 
readjust to the changed shape of the individual fields of its constituents. Our concept of 
deformation should be refined to describe adequately this kind of process in relativistic 
mechanics. In particular, the physical deformation does not automatically imply a change in 
length in a given reference frame, and vice versa. 
   In relativity, a system cannot in principle be ideally rigid [7, 27]. A rod, even when rigid in all 
conventional situations, behaves in the above thought experiment first as a stick of putty, and 
only some time later (if it has not disintegrated!) – as a rigid body. Therefore in cases with huge 
external forces acting during a very short time (less than the travel time of the shock wave 
between the points of interest), we can first use the model of an infinitely deformable rod  (in 
essence, such a “rod” can be represented by its two end points). Then we can try to find out how 
the internal forces change the outcome.  
  The work of the internal forces results in the appearance of the corresponding potential energy 
in the discussed process. In considered case (a) the initial kinetic energy K of the rod cannot have 
converted entirely into heat Q by the moment of stop. Right after the stop part of this energy will 
be found in the form of potential energy U of deformation. If the rod’s structure (e.g., linear 
chain if Fig. 4) renders it sufficiently elastic, we can approximate the corresponding deformation 
by Hooke’s law. The amount U in the thermodynamic relation K = Q + U can then be evaluated 
as  
                                                        ( )22 101 1 ( )2U k L Vγ −≅ −  ,                                                    (5) 
 
where k is the effective spring constant for a given model of the rod. This amount will naturally 
be incorporated into the rest mass of the stopped rod after its cooling. Thus, the decrease in 
proper length in this process will be accompanied by the corresponding increase of the rest mass 
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  If the external forces keeping the compressed state are removed sufficiently slowly to avoid 
possible explosion, the rod can restore it initial rest mass and proper length. The net energy 
released in the process of stopping will in this case exceed the amount characteristic for the 
system of non-interacting masses.  
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    Altogether, the description of the phenomenon, while appearing different to different 
observers, is consistent for all of them and predicts a final state upon which everybody agrees. 
To Alice, the rod (right after the stop) retains its initial size because the equal external forces are 
applied simultaneously to its equal parts. Such forces can (and do) stop the rod, but they alone 
cannot change its length. To Bob, the rod has been compressed because the same external forces 
act at different times on different parts of the rod. Such forces both stop and deform the rod. Both 
agree that in the final state the rod is physically deformed and just fits into the barn.        
 (In order for Bob to maintain his account unbroken, we must place him at the rear edge of the 
rod. After the end of the process, Bob continues his state of uniform motion, so he literally “flies 
off the handle” of the rod.) 
          (b) Braking simultaneously in B (accelerating stationary rod)  
  The previous analysis might prompt an assumption that the proper length would conserve if the 
local forces were applied to different parts of the rod simultaneously in B, which is initially the 
rest frame of the rod. In this case, it is convenient to start with the picture of the process as 
observed by Bob. Also, we now consider, instead of friction, another accelerating mechanism, in 
which the rod is represented by two equal masses at its edges, boosted by the identical jet 
engines (see also [11]). In this scenario, Bob is originally positioned in the middle between the 
masses. When the barn passes by Bob, both engines switch on to accelerate the rod in the same 
direction (Fig. 6). Since both actions are simultaneous in B, they boost the rod to the left without 
changing its length. If the engines are sufficiently powerful, the rod instantly acquires the speed 
of the barn. In the final state the rod and the barn form one single whole, and the edges of the rod 
stick out of the barn symmetrically on both sides.     
  This situation is “reciprocal” to the previous one.  Bob and Alice exchange their roles. 
In part (a), Alice had observed the moving rod stopped with its length preserved. Now Bob 
boosts the stationary rod so as to preserve its length.   
  However, the procedure (b) does not conserve the proper length either. The same argument as 
in part (a) now leads to conclusion that the rod must again have undergone physical deformation 
– this time the increase of proper length by a factor of ( )Vγ : 
 
 
                                                      000 )(
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   When considered in B, this result follows directly from the conditions of procedure (b): 
conservation of the rod’s length after the boost implies (7). But it is also consistent with the 
picture of the process as seen by Alice, although this picture is different from that observed by 
Bob. The crucial point here is that now the boosting forces are not simultaneous in A (Fig. 7). 
First starts the engine at the left-end mass, stopping it. The right-end mass keeps on moving and 
thus extends the rod. The engine at the right starts some time after it had passed by Alice. When 
it stops, the rod and the barn form one single whole; the ends of the rod are positioned 
symmetrically on either side of the barn, and are distance (7) apart.  
    The quantitative description of the process in Alice’s frame [17] also shows that if the rod is 
represented by a row of equidistant non-interacting point masses, each with its own engine, and 
all the engines fire simultaneously to boost the rod at the zero moment in B, then Alice would 
observe a succession of consecutive flashes of the engines, each stopping its respective mass, so 
that the pulse of flashes will run from the rear to the front of the rod with the same speed as that 
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in Eq. (4). Again, the pulse propagates faster than light, but this does not violate any laws, 
because it is not associated with a signal or energy transfer. 
   Thus, simultaneous application of forces in B, with the atomic interactions turned off, also fails 
to preserve the proper length. But, contrary to the previous case, the rod now undergoes stretch.  
   How will this result change if there are internal forces? Let the end masses be connected by a 
spring. Right after the engines stop, the stretched spring will start contracting. The system begins 
to vibrate around its equilibrium size corresponding to the relaxed spring. By definition, this size 
is the initial proper length of the rod. The vibrations will not generally be symmetrical with 
respect to the relaxed configuration because the stretch may exceed the proper length (assuming 
the rod sufficiently elastic). If we still try to approximate deformation by Hooke’s law, we will 
now need two effective spring constants, kc for compression and ks for stretch, with c sk k k→ →  
for small deformations, that is for ( / ) 1V cβ ≡ << . The corresponding amount of elastic 
potential energy gained by the rod during its transition from A to B can now be estimated as 
 
                                                        ( )2201 ( ) 12 sU k L Vγ≅ −                              (8) 
 
Alternatively, we can from the very beginning introduce deformational potential energy ( )U x as 
the primary characteristic of the rod’s material, with 0x >  for stretch and 0x <  for 
compression. Then (8) can be written as  
 
                                          ( ) ( ) 0( ) , ( ) ( ) 1U U x V x V V Lγ= = −  (8a) 
 
It follows that for an extended rod accelerated from rest under the above conditions, not only its 
proper length, but also its rest mass will increase as it does in case (6), by the amount 
( ) 20 ( ) /M U x V c∆ = . Accordingly, more energy will be required to boost an object following 
this accelerating program.  
   If the vibrations ensuing after the removal of external forces are damped, the system will 
ultimately relax to its natural size, thus restoring its initial proper length and rest mass (the latter 
will reduce to its initial value due to dissipation of energy (8a)). If, however, there remain some 
external forces keeping the original stretch fixed, then the object uniformly accelerated from rest 
will remain after the boost in a physically deformed state with increased rest mass and its proper 
length extended by a factor of γ (V). As we will see later, such forces naturally appear in 
rotational motion of a ring or disk of a fixed radius.    
            (c) Non-simultaneous braking 
    An obvious way to preserve the proper length of the rod is to accelerate the barn instead of the 
rod until they are at rest relative to each other. But this would just shift the problem from the rod 
to the barn. 
   An incremental accelerating procedure preserving the proper length of an object is described in 
[18]. A more straightforward (and accordingly, more violent!) solution is discussed in [17]. We 
can just stop the trailing edge of the rod at the moment t1 , when it has the instant position 
1 0 / 2x L= − , and the leading edge of the rod at the moment t2 when it has the instant position 
2 0 / 2x L= . This procedure insures that the proper length does conserve. In this process, the rod 
technically extends from l0 to L0 in A and contracts from L0 to l0 in B. If, instead of only two end 
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points, we represent the rod as a row of equidistant identical non-interacting masses, stopped 
each by its individual engine one after another in equal short time intervals, starting at t1, and 
ending at t2, then Alice could observe the pulse of engine flashes rushing from rear to front of the 
stopping rod. The pulse separates two parts of the rod – the one stopped and another still moving. 
The speed of the separation point is [17] 
            
2
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Again, the separation point moves faster than light. In the end Alice sees the rod stopped in the 
position depicted in Fig. 2. As mentioned, in the process she observed the rod being stretched 
from its Lorentz-contracted length L0/γ to its proper length L0. But she could only achieve this by 
stopping different parts of the rod at different moments of her time.   
  These moments are observed in B in the reverse order: the moment 1t ′ is later than the moment 
2t ′ . This does not contradict causality since the interval between the corresponding events is 
space-like and accordingly they are not in “cause and effect” relation. The corresponding pulse 
observed in B runs along the rod with the same speed (9) but in the opposite direction.   
 Thus the same process is an expansion pulse moving to the right in A, and a compression pulse 
moving to the left in B. 
  Bob observes that in the end of the process the rod has shrunk from its proper length L0 down to 
the Lorentz-contracted length L0/γ. Because the rod is now moving with speed V relative to Bob, 
he concludes that the proper length of the rod measured by Alice is the same as the one originally 
measured by him – it is conserved. In either frame, the rod changes in length to retain its proper 
length! Crazy as it appears to be, this statement is quite consistent. It would constitute a logical 
paradox for a rod remaining at rest or moving uniformly in one inertial reference frame. In our 
case, the compression/expansion of the rod is accompanied by its acceleration. That the proper 
length here remains the same is no contradiction, because the considered process of length 
change is relative. What is observed as compression by Bob, is observed as expansion by Alice. 
One and the same system appears here to evolve in the opposite directions when viewed from 
two different reference frames. The direction of evolution of an accelerated object can be a 
relative property1. This is due to the fact that for spatially separated parts of the system, the 
moments of the start and the end of their respective evolutions have opposite ordering in these 
systems.  
                  (d) Generalization to arbitrary forces   
  The situations considered above are typical examples of a “gedunken-experiment”, which is a 
useful tool to simplify the discussion. In deriving Kepler’s laws by treating the planets and the 
Sun as merely mathematical points with infinite muss densities, we nevertheless arrive at the 
correct conclusions, because under conditions the result depends on the net masses, not their 
densities. Similarly, the results of the accelerated motion in the above discussions, while being 
sensitive to the temporal and spatial distribution of forces, actually depend on impulse of force  
∆P = F∆t   rather than force as such. The definition of impulse holds for an infinite force as well 
if  F → ∞  and ∆ t → 0 in such a way that their product remains constant. This justifies our model 
                                                          
1
  Again, this conclusion does not contradict causality, since it refers only to extended objects when the 
corresponding events in their different parts are separated by the space-like intervals.  The internal 
evolution of each single particle along its world line has the same direction for all observers. 
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with infinite and instantaneous forces. Since it is the final momentum (and thereby the final 
velocity) of an object, that determines its final longitudinal size, the resulting size after the 
acceleration procedure with a finite lasting force will remain the same as for an infinite but 
instant force with the same impulse. 
   This conclusion can be restated in the language of Lorentz transformations in the following 
way. Suppose we represent a rod by two equal end masses connected by a massless spring. We 
can accelerate the rod by imparting both masses with equal amount of momentum.  
   Consider two different acceleration procedures. In the first procedure both masses are hit 
simultaneously in their initial rest frame B by infinite instant forces parallel to the connecting 
spring. As was shown above, in the final state both masses (and corresponding rod) will move 
relative to B with a speed V, and the separation between them (the length of the spring) will 
remain the same as before. In other words, the length of the rod as measured in B will not 
change. However, because the rod is now moving relative to B, it is Lorentz – contracted, which 
means that its proper length as measured in its new rest frame (system A) is greater by a factor 
γ(V) than it had been before the acceleration. The reason for change in proper length (the actual 
physical deformation) becomes clear if we note that in system A the rod was initially moving and 
the forces were not simultaneous: the trailing mass was stopped earlier than the leading mass, 
which naturally resulted in the extension of the rod. 
   In the second procedure both masses are subject to equal finite forces 1 2f f= , which start 
simultaneously in B, act during equal time intervals ∆t1 = ∆t2 = ∆t, and vanish simultaneously in 
B. Both masses will travel during this time interval equal distances lll ∆=∆=∆ 21 , so that in the 
end of the procedure the rod will move in B having the same length as before. But since it is now 
moving, it must be Lorentz-contracted, which implies that its proper length (again, measured in 
its new rest frame A) must increase by the same factor γ (V). The physical reason for this is that 
in system A the masses were initially moving, and the two forces did not start simultaneously, 
nor ended simultaneously. Because the Lorentz transformations are linear, the corresponding 
forces 1f ′  and 2f ′  as well as the respective time intervals 1t′∆  and 2t′∆  of their action are equal in 
A, but due to relativity of simultaneity, they are not entirely overlapped in time as are their 
counterparts in B. The force on the trailing mass starts earlier than does the force on the leading 
mass; and it ends earlier than does the force on the leading mass. Therefore, even though both 
masses travel the same distance lll ′∆=′∆=′∆ 21  before their consecutive stops, the trailing mass 
is stopped earlier than the leading mass, which naturally results in the expanding of the 
connecting spring, that is, the extension of the rod.   
   Thus, the second procedure produces precisely the same result as the first one. The only 
difference is that after the second procedure the rod as a whole will be shifted by a distance l∆  
in B or l′∆  in A as compared to its respective position in the first procedure. Inasmuch as we are 
interested only in the length of the rod measured in two frames, rather than in its consecutive 
positions, this difference is immaterial, and one can use the assumption of the infinite 
instantaneous forces as has been done in the previous sections. The second procedure is clearly 
more realistic, but it tends to obscure the underlying physics behind additional mathematical 
details. And the underlying physics is that an accelerated object does not generally conserve its 
proper length. As shown above, the proper length conserves only under certain conditions; for 
instance, the external forces discussed in (a) must be sufficiently slowly removed after 
completing the acceleration program.  Our result in (c) shows that the procedure described in 
[18], while being the “least violent”, is not the only one possible.  
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  In the second part of the paper we will utilize our approach to demonstrate in the simple way 
the dynamical mechanism of deformation of a spinning disk and, accordingly, the dynamical 
origin of its specific geometry. 
 
2. The Ehrenfest paradox 
   The problem we consider in this section is known as the Ehrenfest paradox [28-32]. In its 
initial formulation, the paradox appears when we consider the rim of a spinning disk and try to 
apply the rules of Special Relativity to find its proper length. We assume that the relation (1) 
between the Lorentz-contracted and the proper length of a straight rod uniformly moving along 
the direction of its length is also applicable to the length of a circle rotating in its plane. We can 
justify this assumption by a pretty sound argument, similar to those used in the previous sections. 
Namely, even though the whole disk does not constitute an inertial RF, we can introduce for each 
of its small area elements a co-moving inertial RF, in which this specific element is instantly 
stationary. Of course, these RF will be different for different elements of the disk. But each 
individual element, as observed in the laboratory frame, is Lorentz-contracted along the direction 
of its motion. 
  Consider now the radius R of a disk spinning with angular velocity Ω about the symmetry axis 
perpendicular to its plane. The length of the whole radius measured by the inertial observer as 
the sum of its length elements will remain equal to R, since they are all oriented perpendicular to 
the instant direction of their motion. However, the length of each element of the circumference 
of the disk, which is instantly passing by the stationary observer at a speed Rv R= Ω , undergoes 
Lorentz-contraction. Accordingly, the whole circumference L measured as the sum of lengths of 
its individual elements is less than its proper length Λ  by the corresponding Lorentz factor: 
 
                                                            / ( )RL Λ vγ=  ,                                 (10) 
or, since L = 2piR , 
                                                        
                                                         2 ( )RΛ R vpi γ= .                                  (11)  
                       
  But on the other hand, this seems impossible, since the circumference in question remains in all 
its parts coincident with the stationary circumference of the same radius. In geometry, such 
coincidence (congruence) is one of definitions of equality. Therefore we appear to have come to 
a logical contradiction: on the one hand, the Lorentz contraction requires (11), but on the other 
hand, since both circumferences (rings) are congruent, there must be just  
 
                                                             RLΛ pi2==  (12) 
 
as for the non-rotating disk. 
  The resolution of the paradox lies in realization that the spatial geometry on rotating disk is 
non-Euclidean, and the whole space-time, while remaining flat (more accurately, Lorentzian 
everywhere on the disk), has a peculiar topology not admitting single global time in all space 
[17, 32, 33]. The circumference of the rotating disk measured by an inertial observer is shorter 
than its proper circumference measured by a resident of the disk; it is equal to 2piR for the 
stationary observer, thus satisfying the congruence, but is greater than 2piR for the disk resident, 
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as in the Eq. (11)1. This means that the spinning disk must be in a state of a complex 
deformation, which, together with the above-mentioned specific properties of time, renders the 
plain of the disk (in the co-rotating frame!) a non-Euclidean plain. The corresponding geometry 
on this plain is a geometry with negative curvature, or Lobachevsky’s geometry; sometimes it is 
referred to as hyperbolic geometry – after the name of a surface (one-folded hyperboloid of 
revolution) on which it is realized2. Its most essential features are that the sum of the angles of a 
triangle is less than 2pi, and the ratio of the length of a circle to its radius is greater than 2pi.     
    Now we can discuss the connection between the dynamic properties of a rotating object and 
geometrical properties of space observed from this object. 
  To simplify the discussion, let us focus on the rim of the disk (circular ring of radius R) rather 
than considering the whole disk. The ring is rotating with angular velocity Ω about its symmetry 
axis perpendicular to its plane.  
   The approach used in the previous section, namely, considering the transition from the 
stationary to a spinning state, allows us to reveal a specific physical process making the length of 
a circle greater than 2 Rpi  in a co-rotating RF. We start from a stationary ring, bring it to 
rotation, and watch how the change of state of motion affects the geometry.     
   Consider two identical concentric rings in one plane P in an inertial frame S. One of the rings is 
scheduled for rotational boost, and has each of its length elements dl connected with the center 
by a rigid spoke to keep the radius R fixed, so that it looks like a wheel of a bicycle. In the list of 
scheduled operations we include, consecutively: 
(1) the rotational boost of the wheel from S to a rotating system S'; 
(2) measuring the lengths of both rings in S and in S'.  
  We need to take special care to insure that the boost does not change the size of the boosted 
wheel in S (we explicitly indicate the system S since, as pointed out in the previous section, the 
size and shape of an object are system-dependent.)  To this end, we boost the wheel by applying 
equal tangential forces to its equal parts dl simultaneously in S. Such operation, as we know, 
does not change either the size of an element dl or the shape of the whole boosted wheel as 
observed in S, even though the wheel is now rotating with linear velocity vR = Ω R. It is natural 
to denote the boosted wheel as S′ - the same as the co-rotating system. For the S-based observer 
Sam, the wheel’s ring S' after the boost remains, as stated in the initial conditions, coincident 
with ring S.  At the same time it is now in the Lorentz-contracted state, which means that its 
proper length must have undergone the stretching deformation. To trace out the origin of this 
deformation, employ the observer Paul in S'. As Paul watches the whole process, he sees initially 
the element dl′ moving and Lorentz-contracted, since before the boost this element is a part of 
system S: 
                                                             ( ) ( )R
dldl initial
vγ
′ =                                          (13) 
 
If the boost is such that the two instant and equal forces are applied simultaneously (in S!) to the 
end points of the element dl, then in S', these two events are separated by the time interval   
 
                                                          
1
 As we will see later, the congruence in the co-rotating frame is satisfied in a more subtle way, involving non-
single-valuedness of global time in rotating systems. 
2
 A non-Eucledian geometry on a curved 2-dimensional surface can be realized in Euclidean 3-dimensional space. 
Similarly, the non-Euclidean spatial geometry on rotating disk does not mean any change in the space-time 
geometry, which in this case remains Lorentzian.  
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                                                          2( ) RR
vdt v dl
c
γ′ = −                                             (14) 
 
  The minus sign here indicates that the Paul’s clock instantly coincident with the leading (as 
observed from S) edge Q of the boosted element PQ = dl shows an earlier time than the identical 
S′-synchronized clock instantly coincident with the trailing edge P (Fig. 8). Therefore Paul in S′ 
(for whom the edge Q is trailing!) sees first the trailing edge of the element stopped relative to 
him, while the leading edge P keeps on moving with velocity vR. This stretches the element – 
without changing its radial distance from the center! The amount of stretch is 
                                                         
2
2( ) RR R
v
v dt v dl
c
δ γ′ ′= − =                                    (15) 
 
As in the previous section, we can represent the element by the two equal point masses at its two 
respective edges, connected by a spring. The spring will keep on stretching until the opposite 
mass will be instantly stopped, thus transferring the entire element to system S'. The resulting 
new length of the element in S' will be the sum of its initial length (13) and the amount of 
stretch: 
 
                                            ( ) ( ) ( )Rdl final dl initial v dlδ γ′ ′ ′= + =   .                     (16) 
 
Since the element dl was chosen arbitrarily, this result holds for all other elements, and thereby 
for the whole circumference of the disk. This proves the result (11). Formally we can obtain (11) 
by integrating (16): 
 
                     ∫ ∫ ====Λ )(2)()()(')( RRR vRLvdlvfinaldlR γpiγγ                 (17) 
 
This result shows again that the kinematic (or, as many say, geometric) effect has a dynamic 
origin – a non-simultaneous action of boosting forces in S′. 
 Both observers – Sam and Paul – came to the same conclusion that the rings S and S′, while 
having the same radius R and being coincident in S, have nevertheless different proper lengths. 
The ring S is in the relaxed state and has the “normal” length L = 2piR; the S′-ring is in a 
deformed state: when measured in S′ by Paul, it turns out to be longer than L and is described by 
the Eq. (17). Both observers agree on the results, but give different explanations to it. For Sam, 
the proper length of the S′-ring must be longer than L by the Lorentz-factor in order to be 
coincident with ring S due to the Lorentz-contraction. For Paul, the ring S′ is longer than ring S 
( Λ> L) by the same factor, because it had been stretched due to non-simultaneous application of 
boosting forces. The fact that Λ  is greater than 2piR is explained by Paul as a manifestation of 
the non-Euclidian (Lobachevsky’s) geometry in a rotating system.  
   Some treatments [34-36] deny any changes in system S′ on the ground that the rules of Special 
Relativity (SR) are not applicable in non-inertial reference frames. As we see, such rules can be 
consistently applied; the obtained results are in agreement with [7, 32]; moreover, these results, 
as shown above, have rather simple physical explanation within the framework of relativistic 
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     Now we can take one more step and consider the whole problem the other way around. 
Namely, assuming again that Paul can locally apply the rules of SR in his frame S′, can he claim 
that the S-ring as observed in S′ is Lorentz-contracted?   
  The immediate answer to this question appears to be “No”. Indeed, the ring S′ is stationary with 
respect to Paul and has the proper length Λ , while the ring S is spinning around the center with 
the angular velocity Ω′ = Ω. Paul expects its instant length to be equal to Λ , since it is at any 
moment congruent with S′. On the other hand, by the very same assumption (13) that was the 
starting point for derivation of (17), Paul can claim that each element dl of ring S is Lorentz-
contracted and is therefore shorter in his frame S′ than its proper length measured by Sam in S. 
Since the choice of the element is arbitrary, this holds true for all elements, and thereby for the 
whole length of ring S. Paul thus comes to conclusion that the whole circumference Λ of ring S′, 
being instantly coincident with the spinning ring S, must be shorter than the proper length L of S: 
  
                                                  ( )RL v Λ Λγ= >  ,                                          (18) 
 
- in flat contradiction with the result (17), according to which Λ L> . Thus, it turns out that there 
are two different lines of reasoning for S′-observer, leading to two apparently contradicting 
results.  
   This apparent paradox can also be explained within the framework of SR.  
We want to measure the length of S in S′. Each element of S is moving relative to S′. The crucial 
requirement is that in length measurement of a moving object, its leading and trailing edges must 
be marked simultaneously in a system where we perform the measurement. In the given case, 
this is the system S′. Since the object (ring) is a closed loop, its leading and trailing edges 
coincide. Therefore the requirement that their positions be marked at the same moment of time 
seems to be satisfied automatically.  
  That would be true were the system S′ inertial. Since it is not, the situation is more subtle.  
At one moment of time in S, when all S-clocks read the same time, each clock ahead of the 
previous one in S′ reads an earlier time. If we apply the synchronization procedure until we 
return to the original clock in S′, we realize that this clock should read two different times at 
once. Reiterating the procedure will allocate a discrete set of different times to the same event: 
 
                                                     , | | 0, 1, 2, ...t t m t m′ ′ ′→ + ∆ =                    (19) 
 
   The time lag ∆t′ for the ring of radius R can be calculated by applying Lorentz transformation 
 
                                                     





−=′ dl
c
vdtvtd 2)(γ                                             (20) 
  
to two close events on the rim L and then integrating along the whole rim [32] 
 
                                        





−=′=′∆ ∫ Lc
vTvtdt 2)(γ                                         (21) 
 
 Here, as before, L is the proper length of the stationary ring; T is the time interval between the 
two events at one at the same point of the ring. Since we consider all corresponding events at one 
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moment of time in S, we have dt = 0 and T = 0.  Setting dt = 0 in (20) at Rv v=  recovers (14); 
setting T = 0 in (21) gives 
                                                              2( ) RR
v
t v L
c
γ′∆ = −                                         (22) 
 
   Since vR = ΩR and L = 2piR, the Eq. (22) can be recast in the form 
 
                                             
2
2 2
( )2 ( ) 2 RR
v
t v R A
c c
γ
pi γ Ω′∆ = − = − Ω  ,              (23) 
 
which shows that the time lag is proportional to the angular velocity Ω of rotation and the area A 
enclosed by the loop. In principle, this can be generalized to the loops of arbitrary shape, but here 
we consider only a circle around the rotational center. 
  The time lag in a rotating system is manifest in an observable effect [37, 38]: a reference clock 
on the rim of the rotating disk will read two different times for complete circumnavigation 
around the disk by any two objects orbiting the disk at the same local speed but in the opposite 
senses. If the two objects depart simultaneously with equal speed v from the same point on the 
rim – one in the same direction as the reference clock at this point (E-object), and the other in the 
opposite direction (W-object), then, after one circumnavigation, the W-object will return to the 
reference clock earlier than the E-object. The corresponding proper times ( )RWτ and ( )REτ read by 
the reference clock at the moments of return of the respective objects are [37, 38]  
 
 
                        (24a) 
 
                        (24b) 
 
 
Here andE Wt t are the coordinate times (measured by stationary S-clocks) for the E and W 
circumnavigation, respectively, and  
 
                                                 
2 ( )R
v
R v
v v
pi γ
τ
Λ
≡ =                                          (25) 
 
is the characteristic time it would take to travel a distance Λ with speed v along a non-closed 
path.  
  The relativistic equations (24), although originally obtained for a special case of the Earth-
circumnavigation, are quite general, and hold for any speed v. It may be even a superluminal 
speed (such velocities, as mentioned before, do not by themselves contradict anything). For our 
purpose here consider two fictitious particles launched simultaneously in the two opposite 
directions along the circumference with infinite speed relative to the reference clock, and 
accordingly let v → ∞ in the Eq-s (24, 25). The world-line of a particle with infinite velocity 
along certain direction coincides with the spatial axis in this direction in a given reference frame, 
or, which is the same, with the corresponding line of simultaneity. For the rim of rotating disk, 
this world-line is a helix on the corresponding cylindrical surface (Fig. 9). Therefore it will 
( )
2
( )
2
/ ( ) 1 ;
/ ( ) 1
R R
E E R v
R R
W W R v
v v
t v
c
v v
t v
c
τ γ τ
τ γ τ
 
= = + 
 
 
= = − 
 
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intersect again (at different points!) with the temporal axis on the disk (the world-line of the 
reference clock). We come to the apparently paradoxical result that the temporal and the spatial 
axes of the rotating reference frame intersect more than at one point. This is another 
manifestation of the fact that more than one different moments of time are associated with the 
same event in a rotating frame. Applying the Eq-s (24) at v → ∞, we obtain the two 
corresponding moments of proper time of the reference clock at these intersections: 
 
                              
( )
2 2
( )
2 2
( )( ) 1 ( ) (26 )
( )( ) 1 ( ) (26 )
lim
lim
R R R R
E R
v
R R R R
W R
v
v v v v
v a
v c c
v v v v
v b
v c c
τ
τ
→ ∞
→ ∞
Λ  
∞ = + = Λ 
 
Λ  
∞ = − = − Λ 
 
                   
 
Since ( ) ( )R Rv v LγΛ = , and the proper time τ is the corresponding local time coordinate t′ in the 
rotating system, this is identical to the expressions (19, 22) with | | 1m =  (one circumnavigation) 
for the time lag for the same event (intersection between the axes!).  Indeed, once the fictitious 
particle is moving infinitely fast, it is expected to return to the reference clock after the 
circumnavigation at the same moment of time as its departure. However the equations (26) show 
the different moments by the reference clock: later than the moment of departure for the E-
particle, and, even more bizarre, before the moment of departure (negative sign of ( ) ( )RWτ ∞ !) for 
the W-particle. Both these times are as legitimate as the zero moment τ = 0, and are accordingly 
represented together with this moment, on the same footing, as the temporal characteristics of the 
event. The difference between them is the time lag discussed above1. 
  These results can be visualized using the space-time diagrams in Fig. 9. 
  The helix ct′ is the world-line of Paul, the helix x′ is the above-mentioned line of simultaneity in 
S′, or, equivalently, the world-line of a fictitious particle moving infinitely fast along the ring in 
S′; and the helix MM′ is the world-line of a photon moving in a circle along the ring. The helices 
representing the basis axes ct′ and x′ of system S′ have different pitch. Therefore there will be a 
later time t > 0 in S, (and thereby ct′ > 0 in S′) when the x′-line intersects again with the ct′-line. 
Actually, in case of a uniform rotation, they intersect periodically infinite number of times.  
Since the x′-line is, by the original definition, the line of simultaneity in S′, and the ct′-line is, by 
the same definition, Paul’s world-line (Paul, by the initial arrangement, is sitting on the edge of 
the spinning disk), this means that the space and time in a rotating frame are literally intertwined 
as the two helixes representing them in Fig. 9. 
   The diagram in Fig. 9 prompts another derivation of the time lag lying at the heart of the 
Ehrenfest’s paradox. The x′-line, by its original definition, is the line ct′ = 0. And now, lo and 
behold, it intersects the ct′- line at ct′ > 0. By continuity, the intersection point on the x′-axis must 
be the point x′ = 0, since it is where Paul is sitting. So an event at one and the same place has two 
distinct times t′ = 0 and 0t′ ≠ .  
  The problem now is to find this other time t′ assigned to the same event. We use the fact that 
the moments t′ in S′ are related to moments t of Sam’s time. So it is sufficient to find the moment 
                                                          
1
 Note that the time lag is the same in both cases – (24) and (26). This is a manifestation of the general rule 
according to which the time lag in a rotating system depends on R and Rv but not on v. 
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ct of Sam’s time, corresponding to intersection. Once this is done, we can use the relation  
t t′↔  to find the corresponding ct′.  
  Since Paul is at x′ = 0 of S′, the relation t t′↔ is just the time dilation 
  
                                                             c t c tγ ′∆ = ∆                                                          (27) 
 
The equation of Paul’s world-line (in terms of the S-coordinates x, t) is 
 
                                  1 tan ,2 tan
RvR Rct x
c
pi ϕ ϕθ β
θ β
 
= − = = ≡ 
 
  (28) 
 
Here ϕ is the azymuthal angle of a point x after the x-axis is “wrapped around” the rim of the 
disk so that x Rϕ=  (Fig. 9).  
  Similarly, the equation of line of simultaneity of system S′ in terms of x, t is 
 
                                                            2 (tan )ct x Rθ β ϕ= =                                    (29) 
                                              
At the point 1t t= ∆ of their (first) intersection we have 
 
                                                              ( 2 )R Rϕ β ϕ piβ = +  (30) 
 
(Actually, we can, instead of 2pi, add 2 mpi  with integer m, since the process reiterates). Solving 
for φ, we find that this happens at  
                                                                
2 22ϕ pi β γ=                                              (31) 
Putting this into (28) gives 
                                                               
2
1 2ct Rpi β γ= , (32) 
 
 so that, in  view of  (27) we finally obtain 
 
                                                               2c tc t Rpi β γ
γ
∆
′∆ = =                                    (33) 
or,  since / /v c R cβ = = Ω  , 
 
                                                       2c t A
c
γ Ω′∆ = ,                                                      (34) 
 
where A = pi R2 is the (Euclidian!) area of the disk.  
 It is immediately seen that the time lag found in this approach is identical to that determined by 
(24) or (26). 
   If ct′ is Paul’s world-line, the intersection O′ of this line with x′ is an event of Paul’s biography 
different from O, and it is accordingly assigned a later moment given by (33). But since it is 
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connected with O by the world-line of a particle with v = ∞  in Paul’s RF (that is, by 
simultaneity line in this frame), it can be assigned the time t′ = 0 as well. Both moments are 
equally legal. By reciprocity, the event O can also be assigned the earlier time equal to negative 
of (33). And by iteration, all multiple integers of (33) would be also legal. And since the choice 
of a reference event is arbitrary, the obtained conclusion holds for any event on the spinning disk 
(except for those at its center). Finally, since c t ′∆ is the time elapsed after the zero moment from 
which we count time in this example, the obtained equation is just a special case (at 1m = − ) of 
the general formulas (19, 22, 23) for the time lag t′∆ . 
    Now we are in a position to complete the discussion. In order for the length measurement of 
the ring S to be instantaneous in S′, we need to account for the time lag (33). Thus, the total 
length of the ring S in S′ will consist of two contributions: its Λ-congruent length and the 
additional distance v t ′∆  traveled by a point on the ring during the time lag ∆t′: 
 
                              
2
2 2 ( !)( )( )
R
RR
v LL v t
vc v γγ
Λ
′ ′= Λ + ∆ = Λ − Λ = = ≠ Λ                   (35) 
 
This is precisely the Lorentz-contracted length of S as measured in S′. However, this result is 
obtained only if: 1) Paul marks the position of a point on ring S at two different moments of his 
time separated by the time lag t ′∆  and then 2) subtracts the distance between the two 
consecutive markings from the proper length Λ of his ring in S′. This subtraction can be 
considered as a correction for the fact that both moments of marking are equally legitimate 
temporal labels of one event in Paul’s frame. Crazy as it may seem, this procedure constitutes a 
length measurement of a ring S in system S′ and gives an operational definition of its length as 
measured in spinning system. This procedure has not been chosen specially to obtain the desired 
result, but rather is obtained by consistently applying the rules of SR, and the following result 
(35) is itself consistent with these rules. From this result Paul concludes that the proper length of 
the ring S is γ(v)L′ = L, as it is, indeed, measured by Sam. 
 Thus, the S′-ring is Lorentz-contracted in S and has its proper length Λ greater than L; this result 
is in agreement with [32].  At the same time, the question asked by Paul whether the ring S is 
Lorentz-contracted in his frame S′, also has a positive answer. The ring S, while having its 
proper length L less than Λ, is Lorentz-contracted in S′. The two apparently contradicting 
statements are reconciled by taking into account the time lag.  
   A skeptical reader may still have a certain feeling of dissatisfaction. However, justified as such 
feeling may be, it comes from the totally unusual character of the resulting conclusions, rather 
than from any logical inconsistency. Nothing seems to be more remote from the domain of our 
intuition than the notion of the two distinct but equally legitimate moments of proper time 
characterizing a given event. There is no such thing as one single moment of time common for 
all space in a rotating system S′. But with all that, the described reasoning provides us with the 
legal operational procedure within the formalism of the Special Relativity, to obtain a coherent 
description of the whole process, which is logically consistent for all observers.  
   Thus, the geometry in a rotating system is affected on both – local and global scales. The latter 
aspect is manifest in experiments involving closed loops. The former was shown to be the result 
of dynamics of rotational boost.  
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   In a disk whose particles are bound together by internal forces this result – purely 
circumferential stretch – causes, among other things, the appearance of additional potential 
energy ( )U R  associated with circumferential elastic deformation.                          
     For a quantitative description consider, by analogy with Eq-s (8) for translational motion, the 
potential energy of elastic deformation of an annulus. Instead of the circumference of radius R in 
equation (17) consider an arbitrary annulus with a radius r, 0 r R≤ ≤ . Introduce the linear 
energy density along a radial direction: 
                                           
        
( ) ( ) ( )( )( ) ( ) , ( ) ( ) ( ) 2 ( ) 1r r r rd U rr L v L v v L r r vdr pi γχ χ≡ ≡ ∆ ∆ ≡ Λ − = − .        (36) 
 Then 
                                 
0
( ) ( )
R
U R r drχ= ∫ ,    and     20 ( ) /M U R c′∆ = . (37) 
 
Here 0M ′∆  is the corresponding increase of the rest mass of the spinning disk in the co-rotating 
frame S′. In contrast with the translational motion, in which the boosted elastic object eventually 
restores both – its initial proper length and the rest mass after gradual removal of the external 
forces, such an object retains its new proper length and the rest mass after a rotational boost. If 
we have a system of identical equidistant masses arranged in a circle, and each mass is connected 
to the center with a sufficiently rigid spoke, then the circumferential springs connecting the 
masses, even though stretched during the transition S S′→ , form a system that remains self-
sustained after the removal of the external forces.  
   The obtained result gives us a criterion for a possible experimental observation of the described 
effect. Namely, if one of the springs is cut, the corresponding adjacent masses will start moving 
apart along the circle, and all the masses eventually cluster over the ark of length  
)(/2~ RvRL γpi=  in the laboratory frame S, with the center of the ark opposite to the cut spring. 
Alternatively, one of the springs must be the first to spontaneously snap at sufficiently rapid 
rotation, with the same result. This is purely relativistic effect, which can in principle be 
observed under the corresponding conditions. Another manifestation of this effect is the increase 
of the amount of energy necessary for the boost as compared with that necessary for the similar 
boost of the system of non-interacting masses of the same shape. Using the definition (36), this 
additional energy required in S for the boost can be evaluated as1 
 
                                                
0
( ) ( )
R
r
v r drγ χε∆ = ∫          (38) 
 
The specific form of function ( )rχ  cannot be derived from the basic principles only, and 
depends on physical structure of the disk. 
 
                                                          
1
 We do not consider here the additional potential energy associated with radial deformation of the spokes. Even 
though this deformation is assumed to be negligibly small here, the corresponding energy may be comparable to or 
even exceed that associated with the circumferential deformation. We do not include it merely because it does not 
present interest here, since it is not associated with any change of geometry.   
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3. Conclusion 
   We can now summarize the results of the thought experiments with all four observers in parts 1 
and 2.   
1.  The relativistic kinematics of accelerating and deforming material objects cannot be separated 
from the dynamics. A change in motion of particles constituting an object, changes the structure 
of their fields and thereby the shape of the object after the acceleration [25-27].  The outcome of 
an acceleration procedure depends on both – details of the process and physical structure of the 
object.  
2. The size of an accelerated object cannot be uniquely determined by (1), because the object 
generally cannot even be assigned a constant proper length. 
3. The concept of deformation in relativistic mechanics is more subtle than in classical physics. 
Out of its two intimately linked characteristics – geometric shape and physical structure – the 
former is a relative attribute and therefore may not manifest itself in certain RF in a deformed 
state, and vice versa, be manifest in some RF in a deformation-free state. A uniformly moving 
rod is technically deformed (length contraction), but physically it is deformation-free, which 
becomes evident in its rest frame. A uniformly rotating ring, while retaining its circumference 
length L = 2piR, is nevertheless physically deformed (circumferentially stretched at fixed R), 
which becomes evident in the co-rotating RF.  
4. Simultaneous application of equal braking forces to equal parts of a moving rod tends to 
compress the rod in its original rest frame, thus decreasing its proper length.  
5. Simultaneous application of equal accelerating forces to equal parts of a stationary rod tends to 
stretch the rod in its final rest frame, thus increasing its proper length. 
6. If one stops a rod by applying braking forces to its parts at different moments timed so that its 
proper length remains the same after the stopping, it tends to stretch the rod in the reference 
frame where it had originally moved, and compress it in the reference frame where it had 
originally rested.    
7. If an object is boosted from one inertial RF to another, the binding internal fields and 
interactions within the object tend to ultimately restore its proper length perturbed by the boost.  
8. In contrast, in a rotational boost, an object undergoes physical deformation lasting 
permanently after the boost and becoming one of the characteristics of its spinning state.  
9. Study of transitions between different states of motion provides a deeper insight into the 
nature of the so-called kinematic effects. In particular, the dynamical aspect of the 
Lobachevsky’s geometry in a rotating system is manifest in the increase of the system’s rest 
mass. This is associated with an additional energy input necessary for boosting such a system, 
apart from the energy going into increase of relativistic mass of its constituting particles.  
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Figures 
 
 
 
 
 
 
 
 
 
 
 
 
 Rod                   V 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                                         Fig. 1 
A mechanical model for stopping the rod while it is within the barn.  
The rod is stopped by a sticky shelf approaching it from beneath. 
The distance between the shelf and the rod is exaggerated. There is practically no clearing left 
between them at the depicted moment. 
  Alice’s clocks (at the bottom of the barn) are recording time (t = 0) when the sticky shelf 
touches the rod.  The depicted pair of clocks records time for the events at the end points of the 
rod – their coincidences with the opposite sides of the barn. Bob’s clocks (on the rod) read 
different times for the same events.  
 
 
 
 
 
 
 
 
 
 
 
 
 
        Sticky shelf 
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                           Rod 
 
 
 
 
 
 
 
 
 
 
                                                                          Fig. 2 
   End of the stop, as one might originally expect from the formula for length contraction. 
However, this outcome would be impossible if someone in the barn stops all the rod in one 
instant. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Sticky shelf 
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                                 (b) Time:  0          
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                                           (c) Time:  +
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                                           The compressed rod 
                                            is completely stuck to the shelf 
                   
 
 
                                            Barn 
                                                                           
 
                                                         
                                                                                   Fig. 3                            
Different stages of stopping the rod as observed by Bob.   
The rising (and accordingly tilted) sticky shelf involves in motion the adjacent parts of the rod. 
In the end of the process the compressed rod is moving together with the shelf to the left and just 
fits into the barn.  
                                            
 
 25 
 
                                    (a) 
 
 
                                           
                                                                                         V 
                                    (b)                                                                                             
                                                                                             
                                          
 
 
                         (c) 
 
  
 
 
                                                                   Fig. 4 
                                    Chain of spheres connected by springs  
 
(a) A chain in a stable mechanical equilibrium, observed in its rest frame (frame B).               
     The distance between neighboring spheres is determined by the length of non-    
     deformed springs, and is an intrinsic physical characteristic of the chain. 
(b) The chain in the same state, as observed from another reference frame A. 
      Because it is moving relative to this frame, it is length-contracted. The distances     
      between the neighboring spheres, as well as their longitudinal diameters are    
      reduced by Lorentz-factor γ (V).   
 
(c) The same chain, stopped in A by braking forces applied simultaneously   
      to each sphere. The chain is no longer in mechanical equilibrium - the reduced         
      distance between the spheres does not correspond to the equilibrium state. The   
      springs are compressed, and the depicted state can only be maintained by     
      opposing external forces. Without them, the state (c) would be unstable. 
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 (a) 
 
 
 
 
 
 
 
 (b) V 
 
 
 
 
 
 
 (c) 
 
 
 
 
 
Fig. 5 
 
  “Equipotential surfaces” of individual electric fields produced by respective point charges regularly 
arranged in a straight line. 
 
(a) In the rest frame of the system (the charges at the centers of spheres are kept in equilibrium by    
      internal forces other than electrostatic). 
(b) In a reference frame A moving relative to the system along its length. 
(c) In the same frame A after the system had been stopped relative to it and “frozen” by large    
      external forces applied simultaneously. The resulting state, if “unfrozen”, will be extremely    
      unstable.    
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                                                                                        Barn 
 
 
 
 
 
 
                                                                                    Fig. 6 
 
   The forces are applied to all parts of the rod simultaneously in B. We use a simplified model of 
the rod: 2 end masses with the attached engines (infinitely deformable rod). 
a) Immediately before the acceleration the rod is stationary in B. When the barn passes by the 
center of the rod, the two engines fire and instantly accelerate the rod in the direction of the 
barn, without changing the length of the rod. 
b) The moment immediately after the acceleration. The rod is now stationary in A. 
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                                                                                       Fig. 7 
 
   The same process as in Fig. 6, but observed by Alice. 
c) The initial moment of stopping the rod in Alice’s reference frame. The left engine stops the 
left end of the rod.  
d) The final moment: the right engine stops the right end. 
      Between the moments (a) and (b), Alice observes the rod being stretched from       
     0 / ( )L vγ to 0( )v Lγ  (the drawing is not to scale).  
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